Multiple grid methods are discussed on the basis of the Poisson equation. In the second part, routine-type application of a multi-grid solver for the full potential equation in combination with a boundary layer integral method is demonstrated. Finally, the importance of multi-grid techniques for systems of partial differential equations (Euler, Navier Stokes) is discussed and some first results are presented for a scheme presently under consideration.
Introduction
Very fast and accurate methods for transonic flow computations are needed by design engineers to improve present day and to develop future transport as well as military aircraft. Such methods permit detailed transonic flow studies within a short time at low cost.
Multiple grid methods have been demonstrated to be very powerful for non-elliptic two-dimensional, transonic flow problems by South and Brandt I as well as Jameson 2. Since practical flow analysis implies contour-conformal grid systems, which in general will be non-orthogonal and stretched, fast flow solvers must be insensitive against mesh spacing.
In order to understand the basic properties and the efficiency of multi-grid methods, a study of such methods has been performed on the basis of the Poisson equation. These numerical experiments indicated the combination of multi-grid plus an ADI-scheme to be the most robust procedure. Therefore the combination of such a solver for the full 
which should be equal to the solution g of the two-dimensional Poission equation
where the operator L on the solution is the central second order difference approximation in each point (i,j) (Lg)i,j = gi+1,j -2gi,j + gi-l,j + (Ax/Ay) 2 (gi,j+1 -2gi,j + gi,j-1 ) 
2h where I h is an interpolation operator.
Equation (6) can in turn be solved by introducing an approximation on a yet coarser grid, so that a multiple sequence of grids may be used, leading to a rapid solution procedure for two reasons. First, the number of operations required for a relaxation sweep on one of the coarse grids is much smaller than the number required on the fine grid. Second, the rate of convergence is faster on a coarse grid, reflecting the fact that corrections can be propagated from one end of the grid to the other in a smaller number of steps.
To extend this idea to nonlinear equations and to avoid a perturbation form of the equation, Eq. (6)is reorganised by adding and subtracting the current solution U to give
where U is the improved estimate of the solution to be determined on the coarse grid, and W is an appropriately modified right-hand
The updating formula (7) however these combinations do depend on grid spacing and the optimum is very narrow. In production-type codes automatic adjustment for optimal e-~ combination would be highly desirable, however the logics for that are not understood yet.
MAD-Full Potential Solver
In the case of transonic flow we have to allow for a change from elliptic to hyperbolic type as the flow becomes locally supersonic.
In 
where the coefficients 8o, 81, 82 depend on the paramters So, ~i, e2. The nodal point and the distribution formula schemes are basically better suited to multi-grid techniques since after mesh halving points will remain mesh points.
Best results in multi-grid so far have been obtained using the one step distribution formula scheme. Therefore this procedure is described briefly.
The basic idea again is to use the coarser grids to propagate the fine grid connections properly and rapidly throughout the field, thus improving convergence rate to steady state while maintaining low truncation errors by using the fine grid discretisation. 
Conclusions
Engineering application of computational methods requires fast and reliable numerical schemes. Multi-grid techniques are very well suited to meet those requirements, and have proved to be very useful for problems governed by quasi-linear equations. However, more has to be done to develop fast and accurate schemes for systems of first order partial differential equations since these equations are the most relevant ones for computational fluid mechanics. 
